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Abstract. Let N denote the set of positive integers. The asymptotic density 
of the set A C N is d{A) = lini„^oo \A n [l,n]|/n, if this hmit exists. Let 
AT) denote the set of all sets of positive integers that have asymptotic density, 
and let Sisi denote the set of all permutations of the positive integers N. The 

1 • group £' consists of all permutations / G Sn such that A G AV if and only if 
f^ ^ ' f{^) £ A-T), and the group C consists of all permutations f £ C'^ such that 

d(/(A)) = d{A) for all A G AD. Let / : N ^ N be a one-to-one function 
such that rf(/(N)) = 1 and, if A G AV, then /(A) G AV. It is proved that / 
C^ 1 must also preserve density, that is, d{f{A)) = d{A) for all A G AV. Thus, the 

groups £' and C* coincide. 






1. Asymptotic density and permutations 
^ ' Let A be a set of positive integers, and let 

^^ , denote the counting function of the set A. The lower asymptotic density of A is 



X 



O; dL{A)= limini 

"^3 I The upper asymptotic density of A is 



A{n) 



n— >-oo 



du [A) — lim sup . 

n — ^oo ri 

The set A has asymptotic density d{A) if the hmit 

d{A) = hm ——^ 

n — ^oo Ji 

exists. The set A has an asymptotic density if and only if dL{A) — du{A). We 
denote by AV the set of all sets of positive integers that have asymptotic density, 
that is, 

AV = {ACN: dL{A) ^ duiA)}. 

Let 5n denote the group of all permutations of the positive integers N. For any 
set j4 C N and permutation g £ S'n, we let 

g{A) = {g{a) -.aeA}. 
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Let L* be the set of all permutations that preserve density, that is, C consists of 
all permutations g G S'n such that 

(i) A e AD if and only if g{A) G AV, and 
(ii) d{A) = d{g{A)) for all A G AV. 
The set £* is a subgroup of the infinite permutation group 5n, and originated 
in work of Paul Levy in functional analysis. This group and other related 
groups of permutations that preserve asymptotic density have been investigated by 
Obata 4, 3 and Bliimlinger and Obata ^. 

The Levy group jC* is contained in the group £" that consists of all permutations 
g G ^N such that A G AV if and only if g{A) G AV, but that do not necessarily 
preserve the asymptotic density of every set A G AV. The object of this note is 
to prove that C* = C^. Indeed, we prove the stronger result that if / : N ^ N is 
any one-to-one function, not necessarily a permutation, such that A G AV implies 
that f{A) G AV, then also d{f{A)) = Xd{A) for aU A G AV, where A = d(/(N)). 
In particular, if / is a permutation, then d{f{N)) = d(N) = 1 and d{f{A)) = d{A) 
for all A G AV. 

2. Permutations preserving density 

We beginning with the following "intertwining lemma." 

Lemma 1. Let A and B he sets of integers such that d{A) = d{B) — j > 0. Let 
{£k}kLi be a decreasing sequence of numbers such that < e^ < 1 for all k > 1 
and limfc_^oo £fc ~ 0. Let {-M/c}^i be a sequence of positive integers such that 

B{n) 



A{n) 

7 



< Ek anc 



■7 



< Efc 



for all n > M^. If {N^}^^^ is any sequence of integers satisfying 

Mk-i <Nk-i< Sk-iNk 
for all k > 2 and if 



k=l fc=l 



then 



C=[J{An [N2k-i + 1, N2k]) U U (B n [N2k + 1, N2k+i]) 

k= 

d{C) = 7. 



Proof. If Nk < m < n, then 

(7 - ek)m < A{m) < (7 + efe)m 
(7 - ek)n < A{n) < (7 + ek)n 



7(n — m) — 2skn < A(n) — A{m) < j{n — m) + 2skn. 



and so 

Similarly, 

7(n — m) — 2ekn < B(n) — B{m) < "f{n — m) -\- 2ekn. 
Let fc > 2 and Nk < n < Nk+i. If k is odd, then 

C n [1, n]^{An [Nk + l,n]) U (B n [Nk-i + 1, Nk]) U (C n [1, 7Vfe_i]) 

and so 

C{n) = A{n) - A{Nk) + B{Nk) - B{Nk-i) + C{Nk^i). 
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If k is even, then 

C n [1, n] = {Bn [Nk + l,n])U{An [Nk-1 + 1, Nk]) U (C n [1, Nk-i]) 

and 

C{n) = B{n) - B{Nk) + A{Nk) - A{Nk-i) + C{Nk-i). 
In both cases, since Nk-i < Sk-iNk, it follows that 

Cin) < 7(n - Nk) + 2ekn + -f{Nk - Nk-i) + 2ek-iNk + Nk-i 



and 



C{n) > 7(n - Nk) - 2ekn + -f{Nk - Nk-i) - 2ek-iNk 

> jn- 7iVfc_i - 4efe_in 

> 7n — 5efe_in. 



Therefore, 



C{n) 



< 5e 



fe-i 



for all n > Nk, and so d{C) =7. D 

Theorem 1. Let / : N ^ N 6e a one-to-one function such that if A G AD, then 
fiA) G AT), that is, if the set A of positive integers has asymptotic density, then the 
set f{A) also has asymptotic density. Let A = d{f(H)). If X = 0, then d{f{A)) = 
for all j4 C N. If X> 0, then there is a unique increasing function f : [0, 1] -^ [0, 1] 
such that /(O) = 0, /(I) = 1, and 

d{f{A)) = Xf{d{A)) 

for all Ae AV. 

Proof. We shall prove that, for every set A G AT>, the asymptotic density of f{A) 
depends only on the asymptotic density of A. Equivalently, we shall prove that if 
A,B&AV and d{A) = d{B), then d{f{A)) = d{f{B)). 

For 7 £ [0, 1], let A and B be sets in AT> such that d{A) — d{B) — 7. Suppose 
that 

< d{f{A)) ^a<(3^ d{f{B)) < 1. 
Let {efcj^i be a decreasing sequence of numbers such that < £fe < 1 for all fc > 1 
and linife^oo Sk = 0. For every k > 1 there is a positive integer Mk such that 

A{n) 



n 
Bin) 



n 

fiA)in) 



n 
fiB){n) 



< £k 

< £k 

< £k 

< £k 



for all n > Mk- By Lemma ^ if {Nk}^i is any sequence of integers satisfying 
(1) Mk-i < Nk-i < Ek-iNk 



4 MELVYN B. NATHANSON AND ROHIT PARIKH 

for all fc > 2 and if 

oo oo 

(2) C=\J{An [N2k-i + 1, N2k]) U U (B n [N2k + 1, iV2fe+i]) 

fe=l fc=l 

then d{C) = 7. 

We shall construct a sequence {A^fejfeLi satisfying (^ such that the associated set 
C satisfies d(C) = 7, but dL{f{C)) < a and du{f(C)) > /3. This implies that the 
set /(C) does not have asymptotic density, which is impossible since the function 
/ maps AT) into AV. 

The sequence {-/Vfcj^i and a related sequence {ifcjfe^i will be constructed in- 
ductively. We remark that since the function / is one-to-one, it follows that for 
every positive integer L, there is an integer N such that f{n) < L only if n < iV, 
and so 

/(C)n[i,L] = /(cn[i,iV])n[i,L]. 

Let iVi = Li = All. Let fc > 2 and suppose that we have constructed sequences 
A^i < • • • < A^fe-i and Li < ■ ■ ■ < Lk-i- Choose an integer 

Lk > max(Lfc_i,Mfe) 

such that Sk-iLk > Nk-i- By the remark, there exists an integer Nk > Lk such 
that /(n) < Lk only if n < A^fc. Then 

Ek-iNk > Ek-iLk > Nk-i- 

We use the sequence {Nk}^i to construct the set C according to formula (j^J- 
For A: > 1 we have 

/(C) n [1, L2fe] = /(C n [1, N2k]) n [1, L2k] 

= ((/(C n [1, iV2fe-i])) n [1, L2k]) u (if {A n [N2k-i + 1, N2k]) n [1, isfc])) 

Cf{[l,N2k-i])^{f{A)n[l,L2k]) 

and so 

f{C){L2k)<f{A){L2k)+N2k-i- 

It follows that 

f{CKL2k) ^ f{A){L2k) + N2k-i , ^„ 
J < z < a + 2e2k-i- 

Therefore, 

Mm) = liminf mM < n^i,f /M(M < „. 

n^roo n fe^oo i2fc 

Similarly, 

/(C) n [1, L2fc+i] 3 I{B n [A^2fc + 1, N2k+i]) n [1, ^2^+1] 

= {f{B n [1, 7V2fc+i]) n [1, L2k+i]) \ if{B n [1, iV2fe]) n [1, L2k+i]) 

D{f{B)n[l,L2k+i])\f{[l,N2k]) 

and so 

f{C){L2k+i) > f{B){L2k+i) ~ N2k. 

It follows that 

/(C)(L2fc+i) ^ f{B){L2k+i)-N2k ^ ^ „ 
P > 7 > P - 2e2fc 

J^2k+l ^2k+l 



DENSITY OF SETS OF NATURAL NUMBERS AND THE LEVY GROUP 5 

and so 

au[j[C)) — limsup > limsup > p. 

ri-*oo n k~*oo ^2k+l 

The inequality 

dLifiC)) <a<P< duifiC)) 

contradicts the fact that /(C) has asymptotic density, and so d{f{A)) = d{f{B)). 
If A = d(/(N)) = 0, then d{f{A)) = for every set A C N. Suppose that A > 0. 
Define the function / by 

/(») - ^ 

where A C N and d{A) = a. This is well-defined, since d{f{A)) = d{J{A')) if 
d{A) = d{A'). Let < a < /3 < 1. There exist sets ^ C S C N such that d{A) = a 
and d{B) = p. Since f{A) C f{B) C /(N), it follows that 

< d{f{A)) < d{f{B)) < d{f{N)) = A 

and so 

< fia) < /(/3) < 1. 

Thus, / : [0, 1] — > [0, 1] is an increasing function with /(O) = d(/(0)) = and 
/(I) = d(/(N))/A = 1. This completes the proof. D 

Theorem 2. Let / : N ^ N &e a one-to-one function such that if the set A 
of positive integers has asymptotic density, then the set f{A) also has asymptotic 
density. Let A = (i(/(N)). Then 

d{f{A)) - \d{A) 

for all Ae AV. 

Proof If A = 0, then d{f{A)) = for all A e AV and the theorem is true. 

Suppose that A > 0. By Theorem Q] there is an increasing function / : [0, 1] -^ 
[0, 1] such that d{f{A)) = Xf{d{A)) for aU A e AV. We shaU prove that f{a) = a 
for all a G [0, 1]. Since / is increasing, it suffices to show that /(a) = a for all 
positive rational numbers a € (0, 1]. 

Let a = r/s, where 1 < r < s. For i = I, ..., s, let Ai — {a d TSi : a = i 
(mods)}. Let A = U^^^A;. Then d{A,) = 1/s for i = l,...,s and d{A) = 
r/s. Since the function / is one-to-one, the set f{A) is the disjoint union of 
the r sets f{Ai),...,f{Ar). Similarly, /(N) is the disjoint union of the s sets 
/(Ai), . . . , fiAs). Since A, Ai, . . . , A, e AP, it follows that /(A), /(Ai), . . . , f{A,) e 
AV, and 

s 

A = d(/(N)) = J2 d{f{Ar)) = As/(l/s). 

Then 

fills) . \ 
and 

i=l i=l 

This completes the proof. D 
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Remark. The Levy group C'^ consists of all permutations / G 5'n such that 
A E AD if and only if f{A) G AV. We can also consider the semigroup 5" 
consisting of all permutations / G S'n such that A G AT) implies f{A) G AT). The 
group £' is a subsemigroup of tS". It is natural to ask if £" — 5". Equivalcntly, ii A 
is a set of positive integers such that f{A) has asymptotic density for some / G 5", 
then does A have asymptotic density? 
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